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1 Introduction

This antenna technical memo is intended to serve as a guideline for the calculation of the antenna noise temperature
of a single antenna element! including noise contribution from atmospheric, ground and cosmic sources.

We define the system input noise temperature or system temperature (for short) by,
Tsys = n,Ta+(1—n.) Ty +TreC (1)

where, T4 is the antenna noise temperature (See Equation 2 below), 1, is the antenna radiation efficiency, T), is the
physical temperature of the antenna, and Tggc is the receiver noise temperature including possible mismatches.
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Figure 1: Relation between antenna temperature, antenna radiation pattern and the brightness temperature of the
observed scene.

Let’s consider a lossless antenna pointing in the direction t,, as shown in Figure 1, then, the radiometric noise
temperature, for a single mode at the it port, at a given frequency v, is given by [Ulaby, 1981]:

J] 70.6,0) Putw,6,015.) sinoas as
Ta(v]t,) = 2T // (2)
P, (v,0,¢) sinfdf do
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!For an array such as the SKA where the antenna elements extend across hundreds or thousands of kilometers, local variations in
atmospheric and ground emissions may have to be taken into account when calculating the array noise temperature in the same way as
is the case for VLBI.



where, P, (v, 6, ¢|t,) is the total (Co-polar + Cross-polar) radiation antenna pattern for that particular polarization
port when the antenna is pointing in the direction £,. T;(v, 6, @) is the apparent radiometric temperature distribution,
also known as the brightness temperature distribution, from the “scene” surrounding the antenna (see Figure 1), at
that particular frequency.

There are different source contributions to the brightness temperature distribution surrounding the antenna, one is
the emission from the gases in the atmosphere, the second is the apparent temperature of the background sky seen
through the atmosphere and other is the emission and scattering from the ground. We are going to go in more detail
over each one of these in the following sections.

3 Brightness Temperature

3.1 Brightness Temperature and Radiative Transfer

Radiative transfer theory describes the intensity of radiation propagating in a media, such as the atmosphere, that
absorb, emit and scatter radiation. The radiation field is described in terms of the specific intensity, I,,, [W m~2
str~! Hz~1], which is the power per unit area, per unit frequency interval at a specific frequency, and per unit solid
angle, flowing in a given direction.

In the atmosphere, radiation emitted by molecules is in part attenuated by atmospheric absorption; the energy
absorbed is re-emitted as thermal radiation. The amount of attenuation depends on the distance travel by the
radiation through the medium. Then, the specific intensity received from a given direction in the atmosphere? is
given by, [Janssen, 1993].

I, = I,(s,)e (%) +/ ka(v,8) B,(T) e~ (%) ds, (3)
0
where I,,(s,) is the background intensity at a distance s,, k,(v, s) is the atmospheric absorption coefficient, B, (T),

is the source within the medium, which in the case of an isothermal medium, corresponds to the Planck’s function:

2h13 1
BV(T) = C2 ehll/kT _ 1, (4)
h is Planck’s constant, k is Boltzmann’s constant, v is the frequency, and c is the speed of light. Finally, 7, is the
optical depth or opacity of the medium, defined by,

s
noons) = [ Raln€)ds 5)
So
At microwave frequencies, with hv << kT, the Planck’s function can be approximated by,
2kT
B,(T) = BV (6)

this is called the Rayleigh-Jeans approximation. The linear dependence of the Planck’s function (specific intensity)
on the physical temperature allows to define the brightness temperature, Ty,

)\2
T, = —1,.
b 2k v (7)
Then, Equation 3 can be rewritten as,
Ty(v) = Tyo(v)e ™ 050) +/ ka(v,s) T(s) e~ ™(0%) ds. (8)
0

where Tp,(v) is the background brightness temperature, which in our case, when looking through the atmosphere, is
due to cosmic emission.

?Ignoring scattering contributions in the atmosphere



3.2 Atmospheric Absorption Coefficient

The absorption coefficient is a macroscopic parameter that represents the interaction of incident electro-magnetic
radiation with the constituent molecules of the atmosphere. It is a function of the energy (hv) of the incident
radiation field, the transition probability between two molecular states, and the energy difference between these two
states, (E, — Ep). The state of the molecule is represented by a wave function ¢ that obeys the Schrédinger equation,
[Merzbacher, 1970],

Hy = Ey 9)

where, H is the Hamiltonian operator and E the energy of the state. ¥ depends on the coordinates of all particles.
In simple molecules such as those that constitute the atmosphere, ¥ can be separated into several components: an
electronic part, a vibrational part, a rotational part, and a nuclear spin, i.e.,

¢ = welec w'uib wrot wnuc- (10)

Transitions between electronic states occur in the ultraviolet, vibrational transitions occur in the infrared and ro-
tational transitions occur in the microwave, millimeter, sub-millimeter and long infrared frequencies. The energy
associated with the nuclear spin produces transitions in the MHz range.

In order to characterize the transitions between states of a given molecular species, at a frequency v, we define the
power-absorption coefficient [Rosenkranz, 1993],

Ky = nz Si;(T) F(v,vy), (11)

where n is the number of molecules of the given species per unit volume, f and i denote the energy state of an
isolated molecule, S;;(T) is the line intensity at temperature T' of a single line for a single molecule, F'(v,v;;) is the
line-shape function, and v;; = (Ey — E;)/h, is the frequency of the absorbed (or emitted) photon when the molecule
passes form the initial to the final state.

Transitions of interest at microwave frequencies that occur in the atmosphere are rotational transitions in the ground
vibrational state of molecules, and account for the microwave spectra of H>O, O3z, CO and N,O.

For an isolated, stationary molecule, F(v,v;;) — 6(v,v;;); in reality, the molecules are in constant motion, interacting
and colliding with one another. These disturbances cause the spectral lines to spread in frequency about the line
center frequency v;¢, this is called line-broadening. There are two important line-broadening mechanisms in the
atmosphere: Doppler (or thermal), and collisional (or pressure) line broadening.

For atmospheric pressures ranging from 1 to 1000 mbar, collisions between molecules are the dominant line
broadening mechanism. Collisional broadening is approximated by the Lorentzian line shape,

Fuvvy) = 1(”>2( B (12)

T \ Vij v—v;5)? + Av?

Av,, the collisional half-width of the line, is function of the atmospheric pressure P and inversely proportional to
the atmospheric temperature T,

AVC = Yeo (P/Po) (TO/T)zﬂ (13)

where x =~ 0.75.

Microwave ground based observations of atmospheric species are limited by atmospheric absorption due mainly to
tropospheric water vapor and oxygen. There are two main effects of atmospheric absorption spectra of O2 and H»20O.
First, troposphere high pressure broadens the spectral lines so the influence of atmospheric transitions of O and
H50 spans several GHz at the wings of the lines. Second, water vapor column is the dominant source of attenuation
of ground based observations.



Therefore, for antenna noise temperature calculations in the frequency range for SKA, we could reduce the atmo-
spheric absorption coefficient to:

ka(¥,2) = KHoW,2)+ ko, (v, 2) (14)

where we have included the dependence on pressure and temperature implicitly in the position z of the molecule
species in the atmosphere.

3.3 Atmospheric Absorption Models

There are several models available for the calculation of atmospheric absorption and attenuation. The astron-
omy community uses mainly: atmospheric transmission (AT) [Grossman, 1989]; atmospheric transmission at mi-
crowaves (ATM) [Pardo et al. 2001] and several codes based on Liebe’s microwave propagation model (MPM)
[Liebe, 1989]. There are also several radiative transfer codes based on well-known line databases like HITRAN
[Rothman et al., 1992] and JPL [Pickett et al., 1998].
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Figure 2: Microwave absorption due water vapor and oxygen in the atmosphere. Surface conditions: P = 1013 mbar,

T = 293 K, and water column of p = 7.5 g cm™.

In the interest of being self-contained we are including here two simple models following [Ulaby, 1981] (ch. 5), which
in turn are based on [Waters, 1976], and [Rosenkranz, 1975], to calculate the absorption coefficients of water vapor
and molecular oxygen in the atmosphere for microwave and millimeter-wave frequencies.

Figure 2 shows the calculated atmospheric attenuation as a function of frequency from 0 to 300 GHz, at sea level
conditions, following this formulation. The O absorption spectrum consists of a single line at 118.75 GHz, and a
large number of absorption lines spanning from 50 to 70 GHz, that atmospheric pressure blend into a continuous
absorption band centered around 60 GHz. H5O, has very important absorption lines at 22.235 and 183.31 GHz.

3.3.1 Water-Vapor Absorption

The absorption coefficient for the water vapor in the atmosphere can be approximated by [Ulaby, 1981]:

5/2 imas
ko) = 20%p, (?) S Aie € Fro(w,v) + A(v)  [dB/lm) (15)
i=1



with, the line shape given by,

Yi
Fuo(v,vi) = (W2 —12)2 + 4122 (16)
P 300\ ™ —o P T
- S b Pv - H
Vi Yio (1013) ( T ) [1 +107"a; P ] [G Z] (17)

where, p, is the water vapor density in the atmosphere in g/m?, P is the atmospheric pressure in mbars, and T is
the atmospheric temperature in K, and v the frequency in GHz. Equation 15 also includes an empirically derived
correction term to the absorption coefficient, Ak, of the following form:

Ak(v) = 4.69x107%p, (%) (%)2'1 2 [dB/km)] (18)

Values for the first 10 transition line parameters are presented in Table 1

Table 1: Water vapor line absorption transition parameters [Ulaby, 1981]

i v & Ai o a; z;
[GH7 [K-Y] [GHy)

1 22.23515 644 1.0 2.85 1.75 0.626
2 183.31012 196 41.9 2.68 2.03 0.649
3 323. 1850 334.4 2.30 1.95 0.420
4  325.1538 454 115.7 3.03 1.85 0.619
5 380.1968 306 651.8 3.19 1.82 0.630
6 390. 2199 1270 2.11 2.03 0.330
7 436. 1507 1914 1.50 1.97 0.290
8 438. 1070 697.6 1.94 2.01 0.360
9 442. 1507 590.2 1.51 2.02 0.332

—
[en)

448.0008 412 973.1 247 219 0.510

3.3.2 Oxygen Absorption

The oxygen absorption coefficient for a concentration of 0.21 by volume in the air is given by [Rosenkranz, 1975],

Koy () = 161 x 10207 (%) (%)2 Fou(v,vig) [dB /] (19)

where, v is the frequency (GHz), P is the atmospheric pressure (mbars), and T is the atmospheric temperature (K).
The line shape has two components: a resonant and non-resonant parts,

J

0‘7 max

Fo, v, vif) 5 %2 + E ®; [g9j+(¥) + gj+ (=v) + g;- () + gj- (—v)] (20)
2 0
j=1,j odd
300
300 —6.89 x 107° (—) J(+1)
with, ®;, = 46x10°° (7> (2j+1)e T (21)
vid?y + P(v—v;+) Y

gaty) = DIt PUorY (22)
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where, ®; is the fractional population of the initial state associated with the line. v; and +; are the resonant and
non-resonant line-width parameters given by,

P\ (300)"% P\ (300\*%

And, the amplitude of the uf lines, d;+, is given by,

[ i+ 1 G+ DE -]
di+ = [(j+1)<2j+1)] ’ 4i- ‘[ 7@ D) ] 29

Table 2 gives the value of the first 20 line absorption parameters for atmospheric Oy from [Rosenkranz, 1975],
including the interference coefficients Y.

Table 2: First twenty Oz line absorption parameters [Rosenkranz, 1975]

Resonant Frequencies Interference Coeflicients

j y]‘," Vj Y}—i_ ij_
[GHz] [GHZ] [mbar~!] [mbar~!]

1 56.2648 118.7503 4.51x10~% -2.14x107°
3 58.4466 62.4863  4.94x10~* -3.78x10~*
5  59.5920 60.3061  3.52x10~* -3.92x10~*
7 60.4348 59.1642  1.86x10~* -2.68x10~*
9  61.1506 58.3239  3.30x107% -1.13x10~*
11  61.8002 57.6125 -1.03x10~* 3.44x107°
13 62.4112 56.9682 -2.23x10~* 1.65x10~*
15 62.9980 56.3634 -3.32x10~* 2.84x10~*
17 63.5685 55.7838 -4.32x10~*  3.91x10~*
19  64.1278 55.2214 -5.26x10~*  4.93x10~*
21  64.6789 54.6711 -6.13x10~* 5.84x10~*
23 65.2241 54.1300 -6.99x10"* 6.76x10*
25  65.7647 53.5957 -7.74x10~*  7.55x10*
27 66.3020 53.0668 -8.61x10* 8.47x107*
29 66.8367 52.5422 -9.11x10~* 9.01x10*
31  67.3694 52.0212 -1.03x10~%  1.03x10°3
33 67.9007 51.5030 -9.87x10~* 9.86x10~*
35 68.4308 50.9873 -1.32x10~3 1.33x10°3
37  68.9601 50.4736 -7.07x10~* 7.01x10~*
39  69.4887 49.9618 -2.58x1073  2.64x1073

3.4 Cosmic Emission

The background cosmic emission term, Ty, (v), in Equation 8 may be reduced for practical purposes to two compo-
nents:

TbO(V) = TCMB + Tgal(’/) (25)



With T,,,, = 2.73K, is the cosmic microwave background emission and Tyq(v) is the galactic emission (mostly

synchrotron emission), which follows a power spectrum law:

L) = 1, (%) (26)
Here we have to make the following observations: first, both, the base temperature T,, and the spectral indez 3,
are functions of the observed direction in the sky. For example [Giardino et al. 2002], at 408 MHz, T, varies from
a minimum of 3K to maximum of 507K, the latter in the direction of the galactic center, and with a value of
18K at the galactic poles. At the same time, 8 varies from 2.5 at in the direction of the galactic center to 3.2
within a small region just above the galactic plane. Second, the average value of 8 is a slow varying function of
frequency, i.e., between 0.408 and 2.326 GHz is (fo.408/2.326) = 2.75 + 0.12, meanwhile, between 0.408 and 30 GHz
is (Bo.408/30) = 2.91 £ 0.09. And third, the brightness temperature also depends on the angular size resolution, i.e.,
for angular resolutions of less than 55 arc min, the brightness temperature in the direction of the galactic center is
reportedly > 1,200K at 408 MHz [Haslam et al., 1982] and [Lawson et al., 1987].

By adopting an average value of 8 = 2.75, with T,;, = 20K at v, = 0.408 GHz, it is possible to obtain very reasonable
results for galactic contributions to the antenna noise calculations for frequencies v > 0.01 GHz.

3.5 Simplified Models for Ground-Based Observations

Ground-based observations usually assume a simplified model of a plane horizontally stratified atmosphere, as shown
in Figure 1, with 8 is the observation angle with respect to the zenith. Using Equation 8 with this approximation,
we obtain that the sky brightness temperature measured from the ground is given by,

Ty v,0) = Tp(v) e (0:00) sect 4 o0 ka(v, ) T(C) e~ v (0:C) secd d¢, (27)
b 0

where T}, (v) is the background brightness temperature due to cosmic emission (Equation 25), and,
oo
n(000) = [ KalvgdC (28)
0

is the zenith opacity’.

This approximation is valid for zenith angles 8 < 75°; for angles > 75° corrections may be included to account for
the finite curvature of the Earth, see for example [Han & Westwater, 2000].

3.5.1 Atmospheric Profiles

Since kq(v, 2) is function of temperature T'(z), pressure P(z) and air density p(z), therefore, profiles of these variables
as a function of height need to be included when calculating the opacity. Atmospheric profiles for these variables
based on the 1962 U.S. Standard Atmosphere are given below.

Temperature Profile

288.15+ 6.5 2 0 <z< 11km
T(z) = T(11) 11 <z< 20km (29)
T(11) + (z — 20) 20 <z< 32km
where T'(z) is in K.
Density Profile
Pair = 1.225e7*Ha[1 4 0.3 sin(z/H,] kg m 3 (30)

3kq given here is in dB km~?! and it should be expressed in NP km~?! to be used in the calculations, i.e., kq[NP/km] = 0.23k4[dB/km]



where the density scale height H, = 7.3 km.

Pressure Profile
P(z) = 1013.25¢ */f»  mbar (31)

where the pressure scale height H, = 7.7 km.
Water Vapor Profile

pu(z) = T7.72e %/ He gm™® (32)

where the water vapor scale height H, = 2 km.

Figure 3 shows and example of the calculated sky brightness as a function of frequency for different zenith angles.
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Figure 3: Calculated Sky Brightness Temperature as a function of frequency including the cosmic background
radiation of 2.7 K and the galactic emission away from the plane of the galaxy, for different zenith angles.

4 Ground Emission and Background Scattering

It is important to notice that the antenna noise temperature T4 defined by Equation 2 is for a single medium. When
we want to include emission and scattering from the ground, we need to modify the integrand, i.e., T} P,, since
ground emission and scattering is a polarization dependent process. Therefore, we write:

% P, 0 0 < 7/2

<
Ty(...)Pa(...) = {Tb||P|+TuPL 2 < 0 < @ (33)



4.1 Obtaining P| and P,

In order to expressP, in terms of P and P, , let’s consider E;,and E» as the single mode fields coming out of port-1
and port-2 of a receiving antenna due to a field distribution E, in the far field. Henceforth, we can write,

Ez' = Sip Eap + Siq an (34)

with, i = {1,2}, and S;, and S, are respectively the Co-Polar and Cross-Polar receiving far field distribution® of the

antenna, and,

E,, = & E, E,, = &-E, (35)

where, €, and &, are the co-polar and cross-polar (complex) unit vectors, respectively.

Sky

Air

A Ground

Ground
Figure 4: Geometry of the ground emission and sky background scattering of termal noise.

In order to include noise emission and scattering from the ground, we need to to express E, in terms of 4 and @
directions to the plane of incidence at the surface interaction (see Figure 4), i.e.,

E, = &§ua+& aL (36)
Therefore,
ap €& Ba = & (& 1y) +EL (6 -01) (37)
E,, = ¢é-E, = & (6-1y) +EL (& -11) (38)
Then, at port 1,
Er = S, [ (&p-1y) +EL (&p-11)] + Siqg [ (&g -1y) +EL (& -101)] (39)

By taking the time average of |E; |2, after some simplification, we obtain,

2 ~ A
+ 1L feg - au ] +

(BL-E}) = Sy [|$”|2 & -y [* + €L |é,,-m|2] + 151, [|5”|2 lég - 1y
+ 2162 Re {1, 85, (- ty) (6q-ay)"} + 21617 Re {S1p 57, (& - 1) (& -01)"} (40)

4By reciprocity, the transmitting and receiving far field distributions are related by: S;,(6,¢) = S;i(ﬁ,qﬁ) and S;q(0,¢) = S;i(ﬁ,(ﬁ).
Also, notice that |Sq;p\2 and |Siq|2 are the receiving co-polar and cross-polar far field radiation patterns of the antenna, respectively.




where we have assumed that, for uncorrelated noise sources, (&) - £1) = (€1 - &) =0,

We can write this also as,

(E1-Ej) = Pylgl” + Piolér] (41)

with,
P = ISul eyl + ISul® & - iy|" +2Re {Sip S}, (& - 1) (&0 - 1)} (42)
P = 1Sl [ 0 4+ |Sal? 6 -0 +2%Re {855 87, (6 - 1) (& - 60)" ) (43)

for port 7 = {1,2}.

4.2 Obtaining T, and T} |

Ty) and T} 1 are the contributions to the brightness temperature from scattered component of the sky emission plus
the emission from the ground, in its appropriate polarization parts, i.e.,

T, = T3 +T1f" (44)
Ty = T 419 (45)

The sky noise scattered of the ground is given by,

Tﬁky(el) = FI\(GI)TbSky(al) T5%(0:) = T 1 (6:) T (6) (46)
Tﬁ"d(ol) = [1-Ty0)] Tyna  T761) = [1=T1(61)] Tyna (47)

where Tbsky is given by Equation 27 and T}pq is the ground temperature, normally assumed to be 300K.

The power reflection coefficients at the interface ground-air, I'; and T' 1, are given by[Ulaby, 1981],

2

costy — /ey — sin? 6,
L6, = (48)
cost + /e — sin? 6,

2

€ cosf — /e — sin® 6,
ry(6:) = (49)
€ cos By + \/ €2 — sin® 61

Therefore, in terms of equivalent noise temperatures from ground emission and scattering, from the sky, the integrand
in Equation 2 becomes,

With €5 is the relative permitivity of the ground.

P (1,0, 6|8,) TS* (v, 0) 0<0<7/2

Ty(v,0,0) Po(v,0,0|t,) = Py(v,0,9|t,) [(1 —T(61)) Tyna + T (61) T,fky(é?l)] + (50)
+ PJ—(V307¢|IA‘O) [(1 - FJ_(GI)) Tgnd + FJ_(GI) T;ky(el):l 7T/2 S 6 S ™

where, 61 = 7 — 6, and P and P, are given by Equation 43, for each port respectively.
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4.3 Reduced Expression

For antenna noise calculations, under certain conditions further simplification can be made: first, we assume un-
polarized sources. Second, for dry land, €2 ~ 3.5, ', and T'|| are not very different from one another. Third, if
the far-side lobes of the co-polar radiation antenna pattern are very low compared with the beam maximum (i.e.,
approximately -40 dB down) and comparable in value to the cross-polar pattern. Fourth, the antenna is not pointing
to the ground...

Then, we could define an average reflection coefficient,

f(gl) - w (51)

and Equation 50 may be written as:

Po(v,0,6|8,) T (v,6) 0<6<m/2

Tb(y707¢) Pn(y707¢|f'0) = _ B (52)
Po(v,0, 6|i,) [(1 - r(el)) Tyg + D(61) T,f’“y(ol)] 7/2<0<m

Equation 52 is an estimate to the ground emission and scattering, and in general Equation 50 should be used instead.
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